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Abstract 

The bipair neutrino mixing describes the observed solar and atmospheric mixings; however, it predicts 
vanishing reactor mixing angle, which is inconsistent with the observed data. We explore the ways of 
minimally modifying the bipair neutrino mixing by including charged lepton contributions. There are two 
categories of the bipair neutrino mixing which are referred to as case 1 and case 2. It turns out that, 
without arbitrary phases, a minimal modification is realized by just considering one e - r contribution from 
the charged lepton sector in the case 1. On the other hand, not only e - r contribution but also fi - t 
contribution is required to realize a minimal modification in the case 2. 
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1. Introduction 

The results from the neutrino oscillation experiments have provided us with robust evidence that neutri- 
nos have tiny masses and their flavor states are mixed with each other [H 0; S 0] ■ The recent global analysis 
shows that the best-fit values of the mixing angles are obtained as 

sin2 6'i2 = 0.312 (0.280- 0.347), 
sin^eiaa = 0.42 (0.36- 0.60), 

si-n^eis = 0.025 (0.012 - 0.041), (1) 

where 012,^23 and ^13 stand for the solar, atmospheric and reactor neutrino mixing angle, respectively. The 
values in the parentheses denote the 2a range. 

Various possibilities of realizing the observed mixing angles have been discussed [6j . There is a theoretical 
prediction of these mixing angles based on the bipair neutrino mixing scheme 0] , which yields 



for case 1 (BPl) and 



sin^ 6*12 = 0.293, sin^ 6*23 = 0.414, sin^ 6*13 = 0, (2) 



sin^ 6*12 = 0.293, sin^ 6*23 = 0.586, sin^ 6*13 = 0, (3) 



for case 2 (BP2). There are other neutrino mixings that predict sin^ ^13 = such as the tribimaximal mixing 
(TB) 0, transposed tribimaximal mixing (TTB) [9^, bimaximal mixing (BM) two golden ratio schemes 
(GRl, GR2) [nl[i2 and hexagonal (HG) mixing 13]. 

The predictability of the mixing scheme will be more transparent when it is expressed in terms of ratios: 



sm' 



2 QMS 

-T^: (»J- = 12,23) (4) 
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where 6fJ^ in the numerator denotes the predicted mixing angle in the mixing scheme MS ~ BPl, BP2, 
TB, TTB, BM, GRl, GR2 and HG, while 9ij in the denominator denotes the best-fit value of the observed 
mixing angle in Eq.(IT]). Numerically, we obtain 

{r?2''\rir) - (0.94,0.99), (rf/^rf3^^) = (0.94,1.4), (5) 
for the bipair neutrino mixing and 

{rff,rl^) = (1.06,1.19), (r?7^r,7^) = (1.60,1.59), (rf/^ri^O = (1-60,1.19), 
(r-f2''\^2T') = (0.89,1.19), (rG«2^ri«2) = (1.11^1.19), (rf^, rfg^) = (0.80, 1.19), (6) 

for other mixings. The bipair neutrino mixing BPl turns out to be a better candidate as far as the solar 
and atmospheric neutrino mixings are concerned. 

Since the tribimaximal mixing scheme can arise from a certain symmetry argument, this scheme has been 
extensively studied 0] . Although the bipair neutrino mixing scheme does not originate from any symmetry 
argument imposed either on the neutrino mass matrix or on the Lagrangian, it seems that the predicted 
values of the solar and atmospheric mixing angles in the case 1 of the bipair neutrino mixing as well as 
the tribimaximal mixing are remarkably well compatible with the observed data. Namely, the case 1 of 
the bipair neutrino mixing becomes consistent with the rece nt g lobal analysis of the neutrino mixings Q 



although another global analysis slightly disfavors the case 1 [14 



The bipair neutrino mixing, and also others such as TB, TTB, etc., predict sin^ ^13 = 0, which is 
inconsistent with the observation. Theoretically, it is still useful to consider a model giving sin^ ^13 = 0, 
which can be regarded as a reference point to discuss effects of sin^ ^13 ^0. It is expected that additional 
contributions to the mixing angles are produced by the charged lepton contributions if some of the non- 
diagonal matrix elements of charged lepton mass matrix are non-zero so that the reactor mixing angle can 
be sifted to the allowed region |la |. 

In this paper, we explore the ways of minimally modifying the bipair neutrino mixing by including 
charged lepton contributions. We show that, without arbitrary phases, a minimal modification is realized 
by just considering one e - r contribution from the charged lepton sector in the case 1. The charged lepton 
contributions give the shift of the reactor mixing angle while the solar and atmospheric mixing angles remain 
intact. On the other hand, not only e - r contribution but also fJ- - t contribution is required to realize a 
minimal modification in the case 2. The charged lepton contributions give the shifts of the atmospheric and 
reactor mixing angles while the solar mixing angle remains intact. 



2. bipair neutrino mixing 

We give a brief review of the bipair neutrino mixing scheme. The mixing angles 612, O23 and 613 describe 
the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix U [l^. In the limit of sin^ 6'i3 = 0, the standard 
parametrization of the mixing matrix U is given by the Particle Data Group [l^l, U = U^P : 

(C12 S12 \ 

-C23S12 C23C12 S23 , (7) 
S23S12 -S23C12 C23 / 

where Cij = cos 9ij and = sin 9ij = 1, 2, 3). We will also use the notation of tij — tan^y . The phase 
matrix P contains two Majorana CP violating phases. 

The bipair neutrino mixing Ubp is determined by a mixing matrix [/" with two pairs of identical mag- 
nitudes of matrix elements. There are two possibilities of the bipair texture 0]. 

2.1. Case 1 

The first possibility shows — 1^321 ^^"^ 1^^221 — 1^231- These relations in turn provide useful 

relationship among the atmospheric neutrino mixing and the solar neutrino mixing as = and ^33 = c^2. 
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The case 1 of the bipair neutrino mixing is parameterized by only one mixing angle 6i 



c 




ur' = { -t' t t \, (8) 

st 

where c — C12, s = §12 and t = ti2. The mixing angles are predicted to be 5^2 = 1 ^ l/\/2 = 0.293 and 
^23 = ^12 — — 1 = 0.414. The case 1 of the bipair neutrino mixing well describes the observed solar and 
atmospheric neutrino mixing angles. 

2.2. Case 2 

The second possibility shows | \ — \ U22 \ and | U^2 1 = I ^33 1 • The atmospheric neutrino mixing is related 
to the solar neutrino mixing as C23 = ^12 and ^23 — 1/^12- The case 2 of the bipair neutrino mixing is 
parameterized by 

- I s t/c I . (9) 

\ e -t t I 

The mixing angles are predicted to be — 1 ~ 1/V2 = 0.293 and S23 = 1 ~ ^^12 = 2 — \/2 = 0.586. In this 
case, although it seems that the atmospheric mixing angle is marginally allowed by the global analysis, the 
solar and atmospheric mixing angles are consistent with the 2cr data. 




3. Charged lepton contributions 

The additional contributions to the mixing angles are produced by the charged lepton contributions. 
The 3x3 lepton mixing matrix is given by UjU^, where Ug and Ui, arise from the diagonalization of the 
charged lepton mass matrix Mg and the neutrino mass matrix M^, respectively. These lepton mass matrices 
satisfy the relations of Me = t/^Mf "»C/jj and = UyMf^m'^ where Mf and M^'^f are the diagonal 
mass matrix of the charged lepton and of the neutrino, Ur transforms between the Lagrangian and the mass 
basis for the right-handed charged lepton field. 

We employ the Dev, Gupta and Gautam (DGG) parametrization fl3l to reduce the number of complex 
phases in the mixing matrix to simplify the analysis. A general 3x3 matrix U = e^^PUQ contains three 
moduli and six phases, where P — diag.(Le'^i, e*^^) and Q = diag.(l, e''^ e''^) are phase matrices, C/ is a 
matrix containing 3 angles and one phase [l9|. In the DGG framework, we consider the following Hermitian 
product for the charged leptons 

MeMi = UeMf^'ulURMf^^uj = e"^' PiUeQe{Mf^')^QlulPle-"^' = PeUi{Mf^')^ujpl. (10) 

Similarly, for the neutrinos, we obtain M^Ml = P^U^^Mi^^sfUlP},. We can use PiUi for charged leptons 
and P^Uv for neutrinos. As a result, we obtain U = UePj P,^Uv , which contains 6 phases. Three phases from 
charged leptons can eliminate three of 6 phases, which can be identified with two phases from Pe and one 
phase from P^. Since Pe is reduced to the unit matrix, the lepton mixing matrix is finally given by 

U = ujPu,, (11) 

where Ue and Ui^ contain three real parameters and one phase each while P = diag.(l, 1, e*"^) contains one 
phase 0. The mixing matrix U is expressed in terms of six real parameters and three phases. 



The charged lepton mixing matrix Ue is parametrized by some manners |15| . We adapt the Cabibbo 



Kobayashi-Maskawa like parametrization of the matrix Ue, which is represented by small parameters having 
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magnitude of the order of Wolfenstein parameter A ^ 0.227 or less [20|. In the smah angle approximation, 
the charged lepton mixing matrix becomes 

1 ei2 e""^ei3 
U, = I -ei2 1 £23 I , (12) 
-e'^eiz -623 1 

where 612,13,23 < 0.227 and 5 denotes an arbitrary phase. 

The neutrino mixing matrix is taken to be — U^^^ or C/^ — U^^^ to study the charged lepton 
contributions to the mixing angles in the bipair neutrino mixing. As the definition of the bipair neutrino 
mixing, there is no phase parameter in U^^^ in Eq.® and U^^^'^ in Eq.®. The lepton mixing matrix U 
= UePU^^^ (and also U = UgPU^^'^) has three real parameters £12,23,13 and two phases 6, (/). The number 
of parameters in the bipair neutrino mixing is reduced via the conditions of the lepton mixing angles, which 
are given by 

sm ^12 = ^TTTT' ^23 = r?rT7' ^m ^13 = It/isl - (13) 



|f/llP + |[/l2l2' 



^231 -t- |f^33| 



3.1. Case 1 

We take — U^^^ and obtain the lepton mixing matrix as 

c s ^ \ f ^^"^i^ - steis -tei2 + S£i3 

U ^ { t t + cei2 - e''^st£23 S£i2 + e*'^S£23 

e^<Pst -e"t's e'H/s / \ e'^ceiz-ee23 e^^sEia + 1£23 




(14) 



where we define s — e "^^s. From Ea. (fT3l) . the lepton mixing angles are obtained as 
sin^ 012 = (1 - 25/4ei2 + 2ei3 cos(5 - <^)) sin^ 0f/i , 
sin2 023 = (l-25/4e23cos0)sin2 0f3^i, 

sin^eiis = (e?2 + 2^/^£i2£i3Cos((5-?i)) sin^eifg^i +2e23sin2 6'f2^\ (15) 



The expressions of sin^ ^12 and sin^ ^23 are derived up to the first order of the small e.y . The small parameters 
£12 J £23 and £13 satisfy the following relations 

ei2 = ^£l3COs(5-0) + ^ (^1- ^ 
£23 008 = 

Since the predicted solar and atmospheric mixing angles are close to the best-fit values of the observed 
data, to have minimal modification, we assume that the solar and atmospheric mixing angles are not modified 
by the charged lepton contributions. We take 

sin^ 6I12 = sin^ 0^f\ sin^ 6*23 = sin^ 61^3^1, (17) 

in Eg. psp or, equivalently, 

ZbpT ^ ZbpT ~ ^' ^^^^ 

'12 '23 
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ill Ea.([T5| and obtain the following relations 

£12 = ^ei3COs((5- 0), £23 = 0. (19) 

The charged lepton contributions to the mixing angles are parameterized by one real parameter ei3 and two 
phases 6, 4>. 

The mixing angles in the case 1 of the bipair neutrino mixing are obtained as 

2 qBPI 

12 J 
2 qBPI 
23 J 



sin^ 


9l2 


— sin 


sin^ 


^23 


~ sin 


sin^ 


9l3 





1 

71 



e^g cos2 [5 - (t>) sin^ 6*^3^1 + 2€% sin^ OfP . (20) 



Without arbitrary phases 5 and 0, a minimal modification is realized by just considering one e - r contribution 
from the charged lepton sector, which is denoted by ei3 in the case 1 of the bipair neutrino mixing. 

For illustration, we take the arbitrary phases 5 and <f) to satisfy cos((5 — 0) = 1. If the remaining parameter 
is taken to be ei3 = 0.121, we obtain sin^ 6*12 = 0.293, sin^ 6*23 = 0.414 and sin^ 6*13 = 0.025 to be compatible 
with the best-fit values of the observed data. 

We note that if we use the other best-fit value of the atmospheric mixing sin^ 023 = 0.52 in the Ref. 14| 
in stead of sin^ 6*23 = 0.42 in Eq.([T]) from the Ref. 5], the predicted atmospheric mixing angle is not close 
to the best-fit value, we can not take £23 = and the atmospheric mixing angle should be modified by the 
charged lepton contributions. In this case, to take £23 cos0 = —0.108 leads to sin^ ^23 = 0.52 from Eq.((T5]). 
On the other hand, we can also see in Ea. p5p that the deviation of the atmospheric mixing angle from the 
best-fit value depends only on the small £23 cos (j) while the solar and reactor mixing angles are independent 
of this £23. 

3.2. Case 2 

We take U^, — U^^^ and obtain the lepton mixing matrix as 

S \ / St£i2-tt£l3 -S£l2+t£l3 -^<ii2 - teiz 



(21) 




U ^ \ -St S t/c \ + \ cei2 - e"l'th23 S£i2 + e'^t£23 -e"^t£23 

-e'h e'H ) \ e'^c£i3 - st£23 e'*5£i3 + ^£23 ^23 

where we define i = e~^'^^~'^^t. From Eq. p^ . the lepton mixing angles are obtained as 

sin2 0i2 = (1 - 2£i2 + 25/4ei3 cos(5 - 0)) sin2 (?f/^ 
sin2 023 - (l-23/4e23COS0)sin2 0f3^^ 

sin^eiig = \/2(£23 + 25/4£i2£i3Cos((5-0))sin2 6lf/2+e2_^sin2 6*^3^2 _ ^22) 

The expressions of sin^ 6x2 and sin^ 6*23 are derived up to the first order of the small cij . The small parameters 
ei2, £23 and £13 satisfy the following relations 

£12 = 2i/4£i3cos(,5-0) + i fl-^ 
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£23COS0 = l^A^-^y (23) 



^^23 



As same as the case 1, since the predicted solar mixing angles is close to the best-fit value of the observed 
data, we assume that the solar mixing angle is not modified by the charged lepton contributions in order to 
have minimal modification. We take 



sin=^ 6I12 = sin^ 6'f2^^ (24) 
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Figure 1: Predicted reactor neutrino mixing angle sin^ 613 as a function of the small parameter eia in the case 1 (solid curve) 
and in the case 2 (dashed curve) of the bipair neutrino mixing. The two horizontal dotted lines correspond to the 2u upper 
and lower bounds of sin'^ 613 0], 



in Eg. (1221) or, equivalently, 



1 



„BP1 



1, 



(25) 



in Eg. ([23)) and obtain the following relation 

£12 -2i/4ei3COs(J-0). 



(26) 



On the other hand, since the predicted atmospheric mixing angle is not close to the best-fit value, we can 
not take 623 = and the atmospheric mixing angle should be modified by the charged lepton contributions. 
The charged lepton contributions to the mixing angles are parameterized by two real parameters £13, £23 
and two phases <5, (/). 

The mixing angles in the case 2 of the bipair neutrino mixing are obtained as 



sm 6/23 



713 



sm (7in 



l-23/4e23cos0) sin2 02T2 



V2fl + 23/2cos2(,5 



e?3 sin^ B^P + y2e?3 cof?(6 ~ 0) sin^ d^P 



(27) 



Without arbitrary phases b and a minimal modification is realized by not only e - r contribution but also 
/i - T contribution, which are denoted by ei3 and £23 in the case 2 bipair neutrino mixing. 

For illustration, we take the arbitrary phases to satisfy cos (5 — </>) — f . We obtain sin^ 6*12 = 0.293, 
sin^ 023 = 0.42, sin^ 6*13 — 0.025 for 613 = 0.102 and £23 cos = 0.168. These results are well compatible 
with the best-fit values of the observed data. The case 2 of the bipair neutrino mixing scheme, which was 
slightly unfavorable, can be favorable if the charged lepton contributions are included. 

To compare the predicted reactor neutrino mixing angle sin^ ^13 in the case 1 of the bipair neutrino 
mixing with that in the case 2, we show sin^ ^13 in the case 1 (solid curve) and in the case 2 (dashed curve) 
as a function of the small parameter £13 in Figure 1. The two horizontal dotted lines correspond to the 2cr 
upper and lower bounds of sin^ 6*13 Q. We observe that the allowed regions of the small parameter £13 are 
0-08 < £13 < 0.16 in the case 1 and 0.07 < £13 < 0.13 in the case 2. 
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4. Summary 

In the bipair neutrino mixing, the predicted solar and atmospheric neutrino mixing angles are consistent 
with the observed data while the predicted reactor angle is inconsistent with its observed value. We have 
explored the ways of minimally modifying the bipair neutrino mixing by including charged lepton contribu- 
tions. To study the additional contributions to the mixing angles, which arc produced by the charged lepton 
contributions, we have employed the DGG parametrization. 

In the case 1 of the neutrino mixing, the predicted solar and atmospheric mixing angles are close to the 
best-fit values of the observed data. To have minimal modification, we have assumed that the solar and 
atmospheric mixing angles are not modified by the charged lepton contributions. Without arbitrary phases, 
a minimal modification is realized by just one e - r contribution from the charged lepton sector. 

In the case 2 of the neutrino mixing, since the predicted solar mixing angles is close to the best-fit value 
of the observed data, we have assumed that the solar mixing angle is not modified by the charged lepton 
contributions. On the other hand, since the predicted atmospheric mixing angle is not close to the best- 
fit value, the atmospheric mixing angle should be modified by the charged lepton contributions. Without 
arbitrary phases, a minimal modification is realized by not only e - r contribution but also /i - t contribution. 
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